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Abstract

We presentan unbiasedMonte Carlo techniquefor estimatingthe
valueof re�ected radianceat a surfacepoint dueto a hemisphere
of directdistantillumination. We usean importancesamplinges-
timator with a novel piecewise-constantimportancefunction that
effectively concentratesray sampleswhereenergy is likely to be
found. The importancefunction is ef�cient to evaluateanddraw
samplesfrom, andis chosento minimizeits squareddistancefrom
the integrandof the radianceintegral, even thoughthe exact form
of this integrandis unknown.

To properlyaccountfor the effectsof the visibility term in the
shadingcalculation,we proposetheuseof a shadowcachewhich
cachesinformationaboutwhich ray directionsareoccludedor un-
occludedfrom a point in space. We can incorporatethis infor-
mation into the importancefunction to automaticallyconcentrate
hemisphericalsampleswherethe light sourceis likely to beunoc-
cluded,therebyincreasingtheef�ciency of theestimator.

Wepresentvisualandnumericalresultsthatdemonstratethenew
estimatorcan give ordersof magnitudelower error than simpler
samplingtechniquesfor highly complex lighting situations.

CR Categories: G.3 [Mathematicsof Computing]: Probability
and Statistics—MonteCarlo Algorithms I.3.7 [ComputerGraph-
ics]: Three-DimensionalGraphicsand Realism—Color, shading,
shadowing, andtexture

Keywords: global illumination, MonteCarlo integration,impor-
tancesampling,shadow cache,image-basedlighting

1 Intro duction

A commonrenderingtaskin visualeffectsis to integratecomputer-
generatedelementswith a live actionbackground.The CG mod-
els rangefrom organic charactersanimatedvia complex physical
modelsto staticobjectslike buildingsor vehicles.Often,all of the
light in thesceneemanatesfrom outsidetheobject,andtheobject
passively re�ects incidentradiancetowardthecamera.In practice,
theserenderingsarefrequentlyachievedusinga numberof heuris-
tic techniques,mostlyrequiringlaborintensivesetupandtweaking
by digital artists.

As computersget fasterandglobal illumination algorithmsim-
prove, there is an increasingdesireto ef�ciently calculatesuch
“outside-in” lighting situationsusingglobalillumination. A funda-
mentalstepin many of thesealgorithmsis to compute,at a surface
point, theradiancere�ectedtowardsomedirectiondueto direct il-
lumination(i.e., photonsthat have traveleddirectly from the light
sourceto the surface,without having beenre�ected in between).
We presenta techniqueto computethis quantityef�ciently in the
outside-incasewheretheincidentlight hasthehighvariationfound
in real-world lighting situationssuchasoutdoorsor on a cinematic
set.

� e-mail: jcohen@rhythm.com

1.1 Re
ected radiance

Consideran arealight sourcethat subtendssolid angleW whose
radianceoutputat a particularwavelengthis characterizedby the
functionL(p;w), a functionof apoint in spacep andadirectionw.
For aparticularsurfacepoint p with normaln, andrayto thevirtual
camerae (the“eye” ray), there�ectedradiancefrom p alonge due
to thelight sourcecanbeexpressedastheintegral

I (p;n;e) =
Z

w2W
L(p;w) fr (w;n;e)Vp(w)(n� w)dw (1)

where fr is the bi-directional re�ectance distribution function
(BRDF) that describeshow light is scatteredfrom directionw to
e with surfacenormal n, andVp is the visibility function whose
valueis 0 if p is occludedfrom thelight sourcein directionw and
1 otherwise.1

For simplicity, wecanreferto theintegrandasHp;n;e andrewrite
theequationas

I(p;n;e) =
Z

w2W
Hp;n;e(w)dw:

We call H thehemisphericaltransferfunction,andits SI unitsare
Watt=m2=sr2, or radiancepersolid angle.For notation's sake, we
will dropthe p;n;e subscripts,but it is importantto rememberthat
H varieswith p, n, ande2.

In the techniqueof image-basedlighting (IBL), we considera
light sourcepositionedat the sphereat in�nity . ThenL(p;w) de-
pendsonly on directionw, sowe candrop the p parameter. Typi-
cally, this light sourceis derivedfrom measureddatacapturedwith
a panoramiccameraor radiancesensor, andthevaluesof L(w) are
storedin anenvironmentmap.For theremainderof this paper, we
will useL in this image-basedlighting sense.Furthermore,Inte-
gral 1 is evaluatedover theentirehemispherecenteredaroundthe
surfacenormaln, which we will denoteby Wn. We dropthen sub-
scriptwhenit canbeinferredfrom thecontext.

Theoverridingcostof evaluatingEquation1 is testingthevisibil-
ity term,which typically requirescastinga ray into thescene.Our
goal, therefore,is to minimize the numberof times the visibility
functionmustbe testedby minimizing thenumberof hemispheri-
calsamplesrequiredto estimateEquation1 with low noiseandhigh
accuracy. While it maybepossibleto use�nite quadraturerulesto
estimateintegralssuchaswe areinterestedin, MonteCarlo (MC)
andQuasi-MonteCarlo(QMC) methodsaretheobviouschoicebe-
causeof their accuracy and�e xibility . Theenvironment-basedim-
portancesamplingschemepresentedin Section4 producesgood
resultswith asfew as128hemisphericalsamples,evenin a highly
dynamiclighting environment.

We focus on diffuse re�ectancemodelsbecausethey are the
hardestto samplein thecaseweareinterestedin. Becauseadiffuse

1Most authorsuseLr to denotere�ected radiance.We preferthe func-
tional notationI(p;n;e) in this context becauseit stressesthat re�ected ra-
diancevariesover theimageplaneandis a functionof p, n, ande.

2In the caseof a LambertianBRDF, H is view-independentandhence
doesnotnotdependone.



BRDF distribution essentiallyhasno tail, it doesnot masktheex-
tremespikesandvariationsfoundin L or Vp. Thereforewe needto
besurethatthesamplingpatternwill �nd all of thefeaturesin L and
Vp, whichcanbequitedif�cult sincethereis noanalyticalform for
eitherof thesefunctions. Furthermore,a largeportionof the total
CPUtime spentin a largeproductionfacility suchasRhythm and
Huesis spentcalculatingpreciselythis quantity:re�ectedradiance
of Lambertiansurfacesundercomplex distantillumination.

Ourtechniquewill generalizeto any re�ectancemodelwherethe
BRDF(multipliedby thecos(w) factor)canbeexpressedasafunc-
tion of a singledirection,or wheretheBRDF canbeapproximated
astheproductof severalsuchfunctions[Kautz andMcCool 1999;
LattaandKolb 2002].Potentially, this techniquecouldcoveranex-
tremelylargeandusefulclassof refectancedistributions.However,
at thetimeof thiswriting, non-Lambertianre�ectancemodelshave
notbeenimplemented.

2 Related Work

Thetechniqueof image-basedlighting hasexistedfor over20years
in theform of environmentmappingandpreconvolvedenvironment
mapping,techniqueswhich do not considervisibility [Blinn and
Newell 1976; Williams 1983; Miller andHoffman 1984; Greene
1986]. The recently introducedtechniqueof ambientocclusion
mapping[Christensen2002],builds on this earlywork by approx-
imating visibility with a singlescalevalue. Thesetwo techniques
will bedescribedin Section3.1. [Debevec1998]demonstratedthat
IBL couldbeusedin aglobalilluminationsettingby projectingthe
environmentmaponto geometryasan emissive texture map. De-
bevecandhiscolleaguesalso�lled in anumberof missingpiecesof
theIBL technique,suchashow to captureradiometricallyaccurate
information using a standardcamera[Debevec and Malik 1997],
andhow to castshadows from CGobjectsontorealones[1998].

Thesamplingtechniquedescribedin Section4 is a form of im-
portancesampling,which is an important�eld of studyin numer-
ical analysis. We refer the readerto a textbook suchas [Evans
andSwartz 2000] for a thoroughdescription,or [Owen andZhou
2000]for a anoverview of modernimportancesampling.Because
of its goodperformanceand �e xibility , importancesamplinghas
beenusedextensively in renderingalgorithms.[Shirley etal. 1996]
describedtechniquesfor ef�ciently samplingluminairesusingim-
portancesampling. [VeachandGuibas1995] gave a formulation
for optimally combiningimportancesamplingtechniquesfor sam-
pling the re�ectancedistribution as well as light sources. Veach
andGuibaslater applieda Monte Carlo Markov Chainalgorithm
to solve the path tracing form of global illumination [Veachand
Guibas1997]. For an excellentoverview of importancesampling
andotherMonte Carlo methodswe recommendVeach's encyclo-
pedicdissertation[1997].

Solving Equation1 underdirect illumination is a sub-problem
thatarisesfrequentlyin globalillumination. Someof thealgorithms
that requirea solution to this sub-probleminclude the �nal gath-
ering stepof photonmapping[Jensen2001], distributedray trac-
ing [Cook et al. 1984], bi-directionalpath tracing[Lafortuneand
Willems 1993],hierarchicalMonteCarlo rendering[Keller 2002],
andirradiancecaching[Wardetal. 1988].

Perhapsthemostsimilarwork to ourown is [Jensen1995]which
guidesMonteCarlopathtracingwith animportancefunctionbuilt
from information in a photonmap. Like Jensen,our importance
functionis piecewiseconstant,andbasedonapartitionof thehemi-
sphere.Theadvantageof Jensen's approachis thatthephotonmap
is able to accountfor direct and indirect illumination simultane-
ously, while our importancefunctionis basedonly ondirectillumi-
nation.In thecasethatmostof thelight energy is direct,our impor-
tancefunctionmatchestheintegrandmoreclosely. Bothtechniques
naturallycomplementeachother, andthey could be combineddi-

rectly usingVeachandGuibas'balanceheuristic[1995], or via an
extendedshadow cacheasdiscussedin theConclusion.

3 Existing Strategies

3.1 Approximate solutions

By ignoring the visibility term Vp, we get an approximationto
Equation1 we will refer to as the non-shadowedapproximation.
In theIBL setting,whentheBRDF fr (n� w) canbeparameterized
by exactlyonevector, thereis asimplealgorithmfor computingthe
non-shadowed approximation.In the Lambertiancase,for exam-
ple, fr (w;n;e)(n� w) = n� w, andEquation1 simpli�es to

I (n) � Ins(n) =
Z

w2W
L(w)(w � n)dw: (2)

Ins is a functionof the surfacenormaln. Thus,Ins(n) canbe pre-
computedfor a densebut �nite set of directionsand storedin a
texture map. Shadinga surfacepoint with normal n, involves a
singletexture maplookup basedon the valueof n. This “dif fuse
preconvolution” technique(shown in Figure1(a)) was introduced
by Greene[1986] andis closelyrelatedto the theoryof spherical
convolution,a link thoroughlyexploredin [RamamoorthiandHan-
rahan2001].

Therecentlyintroducedtechniqueof ambientocclusionmapping
(Figure1(b)) approximatestheeffectsof shadowing in theshading
calculation[Christensen2002]. The basicambientocclusionap-
proximationto Equation1 is

I (n) � Iao(n) =
�

1
2p

Z

w2W
Vp(w)dw

� � Z

w2W
L(w)(w � n)dw

�
:

(3)
Thevalueof the �rst integral is calledambientvisibility (its com-
plementis ambientocclusion)andmaybeprecomputedandstored,
for example,in a texturemap.

Therehasalsobeenwork in approximationsto Equation1 using
eithera �nite setof directionallights to approximatethe continu-
ously varying incident radianceL (shown in Figure1(c)) [Cohen
andDebevec2001],or deterministicquadraturerulesto directlyes-
timate the integral [Kollig andKeller 2002a]. The problemwith
�nite techniqueslike theseis that they cannotcorrectly compute
bothsoft andhardshadows withouta largenumberof samples.In-
adequatesamplingresolutionresultsin bandingalongtheshadow
regions.Katodescribesanovel deterministic�nal gatheralgorithm
usedin the Kilauearenderer[2002] that reusesray samplesfrom
pixel to pixel via view interpolationcalled”�nal gatherreprojec-
tion.” Theshadow cachein Section4.3 couldbeseenasa proba-
bilistic versionof Kato's approach.

Photonmappingcanalsobeusedto estimatere�ectedradiance.
Althoughit is technicallya biasedalgorithm,it is accurateenough
to be consideredexact if a high-enoughnumberof photonsare
traced. However, the weaknessof photonmappingis exactly the
casewe are interestedin – estimatingre�ected radiancedue to
direct illumination. Although techniquessuchascastingshadow
photons[JensenandChristensen1995]canestimatethis quantity,
Jensen[2001]recommendsusingpathtracingto obtainthe�nal ac-
curateestimatein a two-passphotonmappingalgorithm.Also, we
arenot awareof previously publishedtechniquesfor ef�ciently in-
corporatingimage-basedlighting into aphoton-mappingrenderer.

3.2 Exact Monte Carlo solutions

Thereareasmany Monte Carlo techniquesandwaysof combin-
ing themto estimateEquation1 astherearerenderingsystems.It
is thereforehard to say which techniqueswork best,sinceit de-
pendon the particularfeatureof H. The theoryof Quasi-Monte



(a) Preconvolveddiffuseenvi-
ronmentmapping.

(b) Ambient occlusion map-
ping.

(c) Approximation by 40 di-
rectionallights.

(d) Uniformly illuminated
Cosine-weightedQMC with
64samples.

(e) Thesameas(d) underthe
graceenvironment.

(f) New sampling scheme
with 64samples.

(g) New sampling scheme
with 165samplesandno visi-
blenoise.

(h) New samplingschemeun-
der uniform lighting with 64
samples.

Figure1: Comparisonof thedifferenttechniquesfor estimatingre�ectedradiance.We have intentionallyrenderedwith no anti aliasingand
usedno indirectillumination in orderto highlightnoiseandotherartifacts.

Carlo integration is quite advanced,and integration schemesus-
ing randomizedQMC sequencesare probably the best for blind
or BRDF-basedsampling. For comparisonpurposes,we will use
the randomizedQMC sequencedescribedin Section7 of [Kollig
andKeller 2002b],which is basedon theLarcher-Pillichshammer
radical inversefunction. For uniform lighting environments,im-
portancesamplingbasedon the surfaceBRDF works very well.
[Dutre 2001] describesall of the necessaryformulasfor Lamber-
tian or Phong-basedimportancesampling. In our experience,the
combinationof thesetwo techniquesproducesnear-perfectresults
whenthe surfaceocclusionis fairly simpleandthe lighting envi-
ronmentis uniformor almostuniform.

Figure1(d) shows the resultsof renderinga simplescenewith
randomizedQMCcosine-weightedimportancesamplingunderuni-
form lighting. This imageis generatedwith only 64 raysperpixel,
andhasno visible noise. The problemwith this technique,how-
ever, is thatit only takesthefeaturesof fr into account.Therefore,
it will performpoorly whenthe featuresof L dominatethebehav-
ior or H, which is the casewe areinterestedin. This canbe seen
in Figure1(e), which is renderedwith the sametechniqueat the
samesamplingrateunderthe complex “grace” environment[De-
bevec1998]. Figure1(f) shows theenvironment-basedimportance
samplingtechniquedescribedin Section4 at the samesampling
rate. At 165 hemisphericalsamples,this schemeproducesalmost
no visible noise(Figure1(g)). A comparablenoiselevel with the
QMC integratorrequiresabout1000samples.

Our techniqueperformsslightly worsethanagoodBRDF-based
importancesamplingschemewhentheenvironmentis uniformand
visibility is simple, as can be seenby comparingFigure 1(d) to
Figure 1(h). This is not surprisingbecauseQMC BRDF-based
schemesarecloseto analyticallyoptimal in thesecasesandhave
superiorstrati�cation of samples.

4 The Sampling Scheme

For environment map E
  For scene geometry M
    For camera C
      For each pixel p
        For each hemispherical sample w
          Compute unoccluded contribution from 
          environment map E in direction w to 
          surface point of M visible at camera 
          C under pixel p.  

Figure2: Theimage-basedlighting process.

Figure2 givespseudocodefor how the IBL process�ts into a
productionwork�o w. To optimize the useof IBL within sucha
work�o w, our guidingprinciple is to to factorasmuchaspossible
out of the inner loops. In particular, if thereis a way to decrease
the requirednumberof hemisphericalsamples,we wouldn't mind
spendingseveralhoursof computationtime if this costis incurred
only onceperenvironmentmap.3 Scenesandcameraschangemore
often,but wecanstill afford to spendseveralminutesof precompu-
tationatthesceneor cameralevel. Wealsoincursomeoverheadper
evaluationof Equation1 (i.e. every pixel or sub-pixel) thatmakes
our techniqueslower thana simplersamplingtechnique.However,
thesavingsgainedbydecreasingthenumberof requiredhemispher-
ical samplesquickly outweighthis “startup”overhead.

3Actual precomputationtimesareabout20 minutes,dependingon the
quality settings.



4.1 General importance sampling

Importancesamplingis an unbiasedMonte Carlo techniquethat
succeedsby placingmoresampleswherethe integrandhasmore
energy. Givena function f overdomainD, to estimatetheintegral

I =
Z

x2D
f (x)dm(x) (4)

usingimportancesampling,weneedafunctionp(x) suchthatsam-
plescanbe drawn from D accordingto p.d.f. p, and p is easyto
evaluateat any point in D. Given N samplesf Xig

N
i= 1 drawn from

D, Xi � p, theimportancesampleestimatorof Equation4 is

Îp;N =
1
N

N

å
i= 1

f (Xi)
p(Xi)

:

De�ne theresidualr(x) = f (x) � I p(x). Îp;N is a randomvariable,
andits varianceis givenby

Var
h
Îp;N

i
=

1
N

Z

x2D

r(x)2

p(x)
: (5)

Clearlythis is minimizedwhenr(x)2=p(x) is closeto 0, whichhap-
penswhenp(x) � f (x)=I . We referthereaderto [OwenandZhou
2000] for a moredetaileddiscussionof thepitfalls andbene�ts of
importancesampling.

Importancesamplinghasbeenused,for example,in [Veachand
Guibas1995], to evaluatere�ected radianceby matchingfeatures
in theBRDF fr . Thisworkswell for uniformarealight sources.To
applyit mosteffectively in IBL, however, we would like animpor-
tancefunctionthatmatchesall of thefeaturesin thehemispherical
transferfunctionHp;n;e. This is dif�cult for two reasons.First, it is
necessaryto pick animportancefunctionthat is easyto draw sam-
plesfrom. We proposeusinga piecewise-constantapproximation
to H thatcanberapidlycomputedandsampledfrom. Second,H is
differentfor eachpoint p becausethevisibility functionVp changes
with p. We proposeusinga shadowcache to estimatethe value
of Vp basedon nearbysurfacesamples,which can thenbe com-
binedwith thepiecewise-constantimportancefunction to yield an
ef�cient importancesamplingscheme.

4.2 Environment-based importance sampling

We begin by splitting H into a sumof several functions,eachwith
smallsupport.Let f Tig

M
i= 1 beapartitionof theunit hemisphereWn

in thesensethatTi \ Tj 6= /0 ) i = j and[ M
i= 1Ti = Wn. We rewrite

H as

H(w) =
M

å
i= 1

cTi
(w)H(w)

wherecTi
(w) is theindicatorfunctionover regionTi thatis 1 when

w 2 Ti otherwise0. In theLambertiancase,thisexpandsto

H(w) =
M

å
i= 1

cTi
(w)L(w)(w � n)Vp(w)

If a region Ti is smallenough,we canapproximatethevalueof
H over Ti asa constantfunction whosevalueis the averageof H
overTi . Thuswehave

H(w) �
M

å
i= 1

cTi
(w)

R
q2Ti

L(q)(q � n)Vp(q)dq

Area(Ti)

whereArea(Ti) is thesurfaceareaof theregionTi andq is adummy
variableof integration. If we leave out thevisibility term,theinte-
gral in thenumeratorcanbeinterpretedastheresponseof theenvi-
ronmentmapde�ned by L(q)cTi

(q) undertheLambertianBRDF
with normaln, which is just thenon-shadowedapproximationfrom
Equation2. Wecanfurtherapplytheambientocclusionapproxima-
tion asin Equation3 to approximatethevisibility term's contribu-
tion with theaverageocclusionover theregion Ti . In otherwords,
let

Ai(p) =

R
q2Ti

Vp(q)dq

Area(Ti)

whichgivesavalueAi(p) 2 [0;1]. SincecomputingAi(p) exactlyis
is dif�cult, wewell useanestimatefor thisvalueÂi(p). Improving
theaccuracy of theestimateÂi(p) will decreasethevarianceof our
�nal estimatorin Equation7,but to maketheestimatorunbiasedwe
only requirethatÂi(p) > 0 whenAi(p) > 0. A piecewise-constant
approximationto H, denotedĤ, is

Ĥp;n(w) =
M

å
i= 1

cTi
(w)

Âi(p)
R
q2WcTi

(q)L(q)(q � n)dq

Area(Ti)
(6)

Ĥ will beconstantover eachregion Ti . Like H, Ĥ varieswith the
point p andthenormaln. Figure3 shows a plot of Ĥ, incorporat-
ing the environmentmapandthe cosinefalloff of the Lambertian
model.

Our goal is to usethe standardimportancesamplingestimator
givenin Equation4 with Ĥp;n astheimportancefunction,Wn asthe
domain,andHp;n asthe integrand.For this, we needto beableto
evaluateĤp;n ef�ciently at eachpixel, andwe needto be able to
draw samplesfrom Wn accordingto thedistribution Ĥp;n. We now
describehow to accomplishbothof thesetasks.

TheapproximationĤp;n dependson a particularpartitionof the
hemispherecenteredaroundn. Becausen maychangewith every
pixel, wemustgenerateasuitablepartitionon-the-�y, andcompute
Ĥp;n overeachof theregionsin thispartition.

Let f Tig
M
i= 1 bea �x edtessellationof thesphereinto M spherical

triangles. In Section4.4 we describehow to generatea goodtes-
sellationgivenanenvironmentmap.As aprecomputationstepthat
is performedonceperenvironmentmap,for eachsphericaltriangle
Ti , wecomputethediffuseconvolutionof cTi

L,

Ii(n) =
Z

w2Ti

(cTi
(w)L(w)(w � n)dw

andstoretheresultsin a texturemapindexedby surfacenormaln.
We usea polarcoordinateparameterizationof theI i mapat 32x64
resolution.(Higherresolutionsdid not make any differencein ren-
deringquality.) This is themostexpensive stepin precomputation,
andtherunningtime is proportionalto M.

In theinnerloopof arenderingalgorithm,saytherendererneeds
to estimatere�ected radianceat point p with normaln. We gen-
eratea tessellationof Wn and computethe valuesof Ĥp;n over
eachsphericaltriangle in this tessellationas follows. First, we
computea weightWi for eachtriangleTi in the �x ed tessellation,
Wi = Ii(n)Âi(p). Ii(n) is trivial to computesinceit wasprecom-
putedandstoredin amap.Our techniquefor computingÂi(p) will
bediscussedin Section4.3.

To generatethetessellationof thehemisphereaboutn, our idea
is to adjustthe �x ed sphericaltessellationby a “clipping” proce-
dure,whereeachtriangleis clippedagainstWn to generateavisible
triangle list. Thealgorithmfor sphericaltriangleclipping is given
in AppendixA. Theresultof clipping a triangleagainstthehemi-
sphereis thateithertheentiretriangleis outsidethehemisphere,in



(a) The “grace” environment
map.

(b) A plot of Ĥ at a surface
point.

(c) The same plot as (b) 32
timesdarker to demonstratethe
detail in thebright regions.

(d) The locationsof 1000 ray
sampleschosen according to
Ĥ.

Figure3: Figure(b) and(c) show the valueof Ĥ at a samplepoint underthe graceenvironment(a). The adaptive tessellationalgorithm
(Section4.4) generateshigherdetailwheretheenvironmenthashighervariance.Theray samplesin (d) areconcentratedover thebrightest
light sources,eventhoughthey subtendasmallsolidangle.

Si
10

Ti

Figure4: The function m mapsfrom the unit squareto the hemi-
sphereaccordingto theweightof eachsphericaltriangle.First, the
index of i of a point is determinedbasedon which spanSi its x co-
ordinatelies in. It is mappedto theunit squareby normalizingits
positionwithin Si via theCoord function,andthento thespherical
trianglevia theSphTri function.

which caseit is not includedin the visible list, the entiretriangle
is insidethehemisphere,in which caseit is includedin thevisible
list unmodi�ed,or thetriangleis partially insidethehemisphere,in
whichcasethetrianglemustbesplit.

As describedin theAppendix,theportionof a partially clipped
triangle Ti that overlapsWn can be expressedas either a smaller
triangleT0

i , or the union of two smallernon-overlappingtriangles
T1

i andT2
i . In thecasethatasingletriangleis produced,weinclude

T0
i (but notTi) in thevisible list andsetits weighttoWi . In thecase

thattwo trianglesareproduced,we split theweightproportionalto
theareas4 of thetwo resulttriangles,

W1
i =

 
Area(T1

i )
Area(Ti)

!

Wi ; W2
i = Wi � W1

i :

and includeT1
i andT2

i in the visible list (but not Ti). The list of
visible trianglesis a partition of Wn, and the value of Ĥ over a
visible triangle Ti is equalto the triangle's weight Wi divided by
its area.

We draw samplesfrom Waccordingto Ĥ asfollows. First, for
eachtrianglein thevisible list we computethenormalizedweight
Wi as

Wi =
Wi

å TivisibleWi

which is the probability that a samplewill be drawn from visible
triangleTi . We build a mapm : [0;1] � [0;1] ! W suchthat if x

4Girard's Theoremsaysthat theareaof a sphericaltriangleis a + b +
g� p wherea , b andg arethedihedralanglesat thetriangle's vertices.

is uniformly distributedover [0;1] � [0;1], thenm(x) will be dis-
tributedoverWwith probabilityĤ. Let Mvis bethenumberof visi-
bletriangles.Wedividetheinterval [0;1] into Mvis non-overlapping
subintervalsSi = [ai ;bi), suchthatthelengthof Si is Wi . Thefunc-
tion Idx(x) mapsfrom apoint in x2 [0;1] to index i suchthatx2 Si .
Idx canbeef�ciently implementedusinga binarysearch.We also
de�ne themapCoord(i;x) as

Coord(i;x) =
x� ai
bi � ai

:

The functionSphTri(T;u;v), describedin [Arvo 1995],uniformly
mapsfrom theunit squareto thesphericaltriangleT. Finally, m is
de�ned as

m(u;v) = SphTri(TIdx(u) ;Coord(Idx(u);u);v):

Figure4 givesa schematicview of m. WhenIdx(u) = i, m(u;v) 2
Ti , andthevalueof Ĥ(m(u;v)) is Wi=Area(Ti).

If f x jg
N
j= 1 are random samplesuniformly distributed over

[0;1] � [0;1], theenvironment-basedestimatorfor Equation1 is5

Î
Ĥ;N

(p;n) =
1
N

N

å
j= 1

L(m(x j ))( m(x j ) � n)Vp(m(x j ))

Ĥ(m(x j ))
(7)

While m hasthe desiredsamplingproperty, it is discontinuous
andhencewill destroy any strati�cation structureof the point set
f x jg. Despitethis, we have observed that points f x jg generated
usingrandomizedQMC sequencesgivebetterresultsthanindepen-
dentlydrawn samples.

4.3 The shadow cache

Thevisibility termmakesEquation1 verydif�cult to solvebecause
it makesthe integranddiscontinuous.However, asshown in Fig-
ure5, thereis coherencein thevaluesof Vp within a neighborhood
of p.

Our methodfor estimatingAi(p) takesadvantageof this coher-
ence. Whenever a hemisphericalray is cast,we notefrom which
triangleTi in the �x edsphericaltessellationthesamplewastaken,
andrecordwhethertheray wasoccludedor not. For eachtriangle
Ti , we computea denominatordi equalto thetotal numberof rays

5We areglossingover the issueof multiple spectralwavelengths.Ide-
ally, we would sampleeachwavelengthseparately. In practicethis is too
expensive,sowe useusetheluminancevalueof I i (n) for thecalculationof
Wi .



Figure5: Theshadow cacheexploits theprinciplethatthevisibility
function(plottedin theupperleft cornerwith apolarparameteriza-
tion) is similar for pointsthatareneareachother.

castthroughthat triangle,anda numeratorni equalto thenumber
of thoseraysthatwereunoccluded.6 To save memory, theshadow
cachevaluescanbe storedat a lower angularresolutionthanthe
�x ed tessellationusedin Ĥ, as long asthereis a correspondence
betweentheindices.Wecall acompletesetof valuesni anddi cen-
teredabouta particularpoint a cacheitem. Cacheitemsarestored
in a datastructurecalledtheshadowcache. To computeÂi(p), we
searchtheshadow cachefor all cacheitem nearbyto p, andcom-
putethesumsof theitems' numeratorsanddenominators,s ni and
s di . If s di is lessthansomethreshold(weuse3), wesaythatthere
is not enoughinformationto make a goodestimateandusea value
of 1. Otherwise,weuses ni=s di .

Ratherthanusingthis valuefor Âi(p) directly in Equation6, we
remapthe valuefollowing defensive importancesampling[Owen
andZhou2000;Hesterberg 1995]accordingto a tunableparameter
a 2 [0;1],

a Âi(p) + (1� a )( :5)

which preventsĤ from having anarbitrarily smalltail distribution.
Wehavegottengoodresultswith a = :7.

(a)With shadow cache. (b) No shadow cache.

Figure6: (a) wasrenderedwith a shadow cache,(b) wasrendered
without. Theerrorin theshadow region is reducedby 10percent.

We have implementeda simpleimage-spacecachingdatastruc-
ture,whichstoresacacheitemevery few pixels,similar to theirra-
diancecache[Wardet al. 1988]. Proximity queriesarethenbased
on image-spacelocality. This imagespacelocality conditionmay
result in noisier regionsneargeometricdiscontinuitiesasshadow
cacheinformationis propagatedfrom onepixel to a neighboreven
thoughthecorrespondingpointson thesurfaceof thescenearenot
spatiallyclose.We believe that theseartifactsarenot a fundamen-
tal �a w of theshadow cache,however, andcouldbealleviatedby
testingfor spatialproximity beforesharingcacheitems between

6Sincewe only needapproximateshadow information, ni and di are
storedwith 8 bitsprecisioneach.

Figure7: Triangulationswith M = 5000generatedfrom graceen-
vironment(a)andthevideostoreinterior (b). Theminimumsubdi-
vision level is 3, themaximumis 6.

pixels,or by storingtheshadow cachein a moresophisticatedspa-
tial datastructuresuchasa kd-treeor mappedonto thesurfaceof
thegeometry. With ourimplementation,theshadow cachetypically
reduceserrorby about10percentin shadowedregions,asshown in
Figure6.

The value of Ai(p) is a purely geometricquantity, and hence
could be baked into the scenegeometryasa preprocessor reused
betweenrendersif thegeometrydoesnot change.

While it mayseemthat theshadow cacheresultsin a biasedal-
gorithm,this is not thecase.In fact,thetechniquepresentedhereis
truly unbiased.Theproof is asfollows.

The standardimportancesamplingestimatoris unbiasedif two
conditionson the importancefunctionaremet: (1) the importance
functionis non-zerowhenevertheintegrandis non-zero,and(2) the
samplesareall drawn with respectto thesameimportancefunction.
Condition(1) is met becausea shadow cachevaluesof 0 is never
usedasdescribedabove. Condition (2) is met by design. In the
initialization stagebeforeevaluatingthe integral for a givenpixel,
thealgorithmreadsthevaluesin theshadow cachefor thecurrent
pixel andusesthesevaluesto build the importancefunction Ĥ. In
thecourseof evaluatingtheintegral, therenderercastraysinto the
sceneto testocclusion.Theresultsof theserayscastsarestoredin
the shadow cache.However, the adjustmentsmadeto the shadow
cachedo not feedbackinto thecurrent integral evaluation,but are
only usedin subsequentevaluationsof re�ectedradianceat nearby
pixels. Thereforeeachindividual evaluationof re�ected radiance
perpixel is unbiased.Theshadow cachemerelyacceleratedconver-
genceof the MonteCarlo estimator, but doesnot otherwiseaffect
theresult.

4.4 Choosing a good triangulation

As statedin Equation5, thevarianceof anestimatoris theintegral
of theratioof thesquaredresidualto theimportancefunction.Thus
therewill behigh variancewhentheresidualis high relative to the
estimatedimportance. In general,this meansthe varianceof our
estimatorwill behighwhenL(w)(w � n)Vp(w) variesa lot over the
areaof a particulartriangle. Becausew � n andVp(w) dependon
n and p, thereis no way to take theminto accountwhendevising
the �x ed tessellationof the sphere. Instead,the bestwe can do
reducetheresidualerror is to minimizethevariationof L(w) over
eachtriangleby more�nely tessellatingregionsof thespherewhere
L(w) is varyingthemost.

Weuseagreedyalgorithmto generateadaptive triangulationsof
thesphere.We begin with anicosahedron,which has20 triangles,
and subdivide a minimum numberof times (a minimum level of
threeworkswell). All trianglesareplacedin a heapsortedin de-
creasingorderby the varianceof the environmentmapL(w) over



Figure 8: Plot of L2 error of renderinga sceneunder the grace
environmentasa functionof M.

theregionof thattriangle.GivenatrianglebudgetM, weiteratively
remove the�rst trianglefrom theheap(which will have thelargest
variance)andtestif its subdivision level is below a userthreshold.
If so,we subdivide it once,andplacethe four new child triangles
backon theheap.TheprocesshaltswhenthereareM total trian-
gles. The resultsof this algorithm for the graceand video store
environmentsareshown in Figure7.

As futurework, wewould liketo deriveoptimalupperandlower
boundsonthetesselationlevel of theicosahedronbasedonthesur-
faceBRDFandthevariancein theenvironmentmap.

M is a quality setting,and we can afford to set it quite high
withoutadverselyaffectingrenderingtimes.Theper-hemispherical
samplecost if O(log(M)) , which is the cost of the Idx function.
The per-pixel cost if O(M), but asthe numberof ray samplesin-
creases,this cost is quickly overtaken by the costof ray casting.
We performedanexperimentwherewe renderedthescenein Fig-
ure1 at10,000samplesperpixel asourbaseline.Wethenrendered
thescenewith differentvaluesof M at 165samplesperpixel, and
computedtheL2 distancebetweentherenderedimageandthebase-
line image. Theplot of this error is shown in Figure8. Theerror
decreasessigni�cantly up until about2200,thenlevelsoff around
M = 3500, althoughit continuesdecreasingslightly. For all the
rendersin thepaperandin thevideo,wesetM at5000.

5 Results and Comparisons

Theimagesin Figure9 comparethenew samplingschemeagainst
cosine-weightedQMC integration. The video environment(Fig-
ure 9(a)) wascapturedon a live-actionset. The outdoorenviron-
ment(Figure9(b))wascapturedin directsunlightwhich is dif�cult
to samplebecausethesundominates,yetsubtendsasmallsolidan-
gle. Theof�ce environment(Figure9(c)) wascapturedin anof�ce
andhasnonaturallight.

We renderedthearmadillomodelin thesethreeenvironmentsat
a samplingratesothata smallamountof noiseis still visible. The
videostoreenvironmentis thehardestto samplebecausethereare
two very bright andsmall lights thatdominatethescene.Our sam-
pling schemeeffectively revealshardshadows from thekey lights
andsoftshadows from the�uorescents(Figure9(d)),while cosine-
weightedsamplingfailscompletely(Figure9(g)). Theresultsfrom
theoutdoorenvironmentaresimilar (Figures9(e)and(f)).

We renderedthevideoandoutdoorscenesat 4000samplesper
pixel with cosine-weightedsampling,andtherenderswerestill ex-
tremelynoisy. In thesecases,oursamplingschemeis atleast15and
20 timesmoreef�cient, respectively. For the of�ce environment,
cosine-weightedsamplingmatchesthenoiselevel of Figure9(f) at
1200 samplesper pixel, indicating our schemeis 10 times more
ef�cient in this case.

In general,the greaterthe dynamic rangein the environment
map, the more environment-basedimportancesamplingout per-
forms cosine-weightedsampling,in somecasesby well over an
orderof magnitude.

6 Alternate Techniques

In thecourseof developingthis algorithm,we comparedit against
severalotherpossibilities.

6.1 Defensive Importance Sampling

Weoriginally implementedamoresophisticatedtechnique,Hester-
berg's defensive importancesampling[Hesterberg 1995]. As the
importancefunction,we useda mixturebetweentheenvironment-
basedimportance(Ĥ) anda uniform distribution. (For notation's
sake, assumeĤ hasbeennormalizedto have unit integral over the
hemisphere.)In otherwords,take theimportancefunctionto be

Imp(w) = bĤ(w) + (1� b)
1

2p

whereb is the “defensive parameter”that mixes in a distribution
with a broadtail, in this casetheuniform distribution. A non-zero
valueof b will preventsamplesfrom clusteringin brightareasonly.
Interestingly, bestresultswereobtainedwith b = 0, i.e., no defen-
sivesampling.Figure10showsgraphsof theL2 errorof the�oating
sphererenderedunderthegraceenvironmentasfunctionof b .

Figure10: Total imageL2 errorunderthe“grace”environmentasa
functionof b . Thetop graphis a lineargraphin therange[0;0:5],
thebottomis log-linearin therange[0;0:1].

Our guessis thatpureimportancesamplingworksbestbecause
occlusionof non-importantlightsourcesis not a major sourceof
noise. Even if the importancefunction doesnot matchthe inte-
grandin a dark region due to occlusion,the importancefunction
will overestimatetheintegrand,whichis notnearlyasbadasunder-
estimatingtheintegrand.As longasthebright regionsaresampled
well, theestimatorwill still have low variance.



(a)Videostoreenvironment (b) Outsideenvironment (c) Of�ce environment

(d) Environment-basedsampling, 256
samples.

(e) Environment-basedsampling, 200
samples.

(f) Environment-basedsampling,128sam-
ples.

(g) Cosine-weightedQMC, 256samples. (h) Cosine-weightedQMC, 200samples. (i) Cosine-weightedQMC, 128samples.

Figure9: Comparisonof thenew samplingtechniqueagainstQMC cosineweightedsamplingunderdifferentlighting environments.

We believe that mixed importancesampling/controlvariates
schemesalongthelinesof [OwenandZhou2000]maywork better
thanpureimportancesampling,but investigatingwhetherthis is so
remainsfuturework.

6.2 Pixel-based Importance Sampling

We implementeda standardimportancesamplingestimatorwhere
the importancefunction is derived from a lower resolutionlumi-
nanceversionof theactualenvionmentmap. Call this low-resim-
ageE[:; :] with dimensionw� h, andassumeit is a standardpolar
parameterization,with thepositiveY-directioncorrespondingto the
toprow in E. Sayweareshadingasurfacepointwith normaln with
Lambertianre�ectance.Givenapixel (i; j) correspondingto direc-
tion w in theenvironmentmap,theprobabilityof drawing asample
from thatpixel shouldbeproportionalto

Prob(i; j) � H(i; j) = max(w � n;0)E[i; j ]Area(i; j)

whereArea(i; j) is the areasubtendedby the pixel, which is ap-
proximatedby 4p2p

1� wy=wh.

For eachpixel in E, computeH(i; j), andtake thesumover all
pixels, S= å i; j H(i; j). The probability of choosingpixel (i; j) is
equalto H(i; j)=S, andthevalueof theimportancep.d.f over pixel
(i; j) is 2pH(i; j)=(Area(i; j) �S). Weuseachartsimilarto mto dis-
tribute samplesover the hemisphereaccordingto this importance
function. From thesebuilding blocks, it is straightforward to im-
plementstandardimportancesamplingto estimatethere�ectedra-
diance. This methodis O(wh) per pixel, andO(log(wh)) per ray
sample.

Thetriangular-basedapproachin Section4 signi�cantly outper-
forms this pixel-basedapproachin termsof ef�ciency and bias.
First of all, the pixel-basedmethodis biased.This is becausewe
areapproximatingthehemispherecenteredaroundn with theunion
of pixel regions,which will not matcha hemisphereexactly. As a
result,ray sampleswill sometimesbegeneratedin a directionthat
is in thelist of visiblepixels,yetoutsidethevisiblehemisphere.To



generateanunbiasedestimator, wewouldneedto “clip” thepixel's
polygonalsupportto thehemisphere,similar to the triangle-based
scheme.However, thisis muchmoreeleganttohandlein thecaseof
trianglessinceclipping trianglesyieldsmoretriangles,while clip-
ping4-sidedpolygonsmayyield morecomplicatedshapes.

In termsof ef�ciency, it is betterto usean adaptive tesselation
of the spherethan a �x ed grid suchas in a pixel-basedscheme.
Therunningtimeof bothalgorithmsdependon thenumberof sub-
divisionsof the sphere,M in the caseof triangles,or w� h in the
caseof pixels. Becauseit is moreef�cient to usean importance
function thatmatchesthe integrandwith fewer subdivisionsof the
sphere,theadaptive schemeoutlinedin thepaperis moreef�cient
thanpixel-sampling. Onecould usea multiresolutionrepresenta-
tion of theenvironmentmap,but thesphericaltriangleschemehan-
dlesmultiresolutionwith noextracomplexity.

Figure11 shows 4 images.All wererenderedwith 165samples
perpixel. Renderingtimeswereall comparable(within 20percent).
Theimagesvisuallydemonstratethatanadaptivetriangularsubdiv-
sionof thesphereyieldssuperiorresultsin thesamerenderingtime.
Numericalresultsarelistedin Table6.2.TheL2 errorin thetableis
computedastheimagedistancefrom a “baseline”renderat a very
high samplingrate.Thedatashows thatin thecaseof thecomplex
“video store”environment,theschemein thepaperis muchmore
ef�cient thana naive pixel-basedapproach.The two schemesare
moreevenly matchedfor the graceenvironment,althoughthe tri-
angleschemeis still better. Therenderingtime measurementsare
takenfrom anon-optimizedprototyperendererandshouldbetaken
assuggestiveonly.

7 Future Work

Therearea numberof areaswherethesamplingschemecouldbe
improved.As statedabove, thefunctionmdoesnotpreservestrati-
�cation structureof aninputpointset.A mappingthatdoesabetter
job of this could betterleverageadvantagesof QMC integration,
whichcouldfurtherdecreasethevarianceof theestimator. Higher-
orderapproximationsto H might give betterresultsby matching
the integrandH moreaccurately. The dif�culty with higher-order
functionson thesphereis that it canbequitedif�cult usethemas
a p.d.f. from which to draw samples.Usingtheapproachoutlined
in [Arvo 2001], it is very dif�cult to derive a closed-formexpres-
sionfor amapfrom theunit squareto asphericaltriangleaccording
to anon-constantp.d.f. A schemesuchasrejectionsamplingmight
work, but thatis generallynot compatiblewith strati�ed sampling.

Webelieve thereis potentialfor greatlyimproving theef�ciency
of this techniqueby moreclever exploitationof theshadow cache.
Here, we presentonly a simple version. More sophisticatedand
accurateshadow cachingtechniques,and more accurateways of
extractinginformationfrom them,couldpotentiallyyield a signi�-
cantlymoreef�cient estimatorwhenocclusionis complex, suchas
for a �nely displacement-mappedcharacter.

Also, in a probabilisticframework suchaspresentedhere,it is
easyto take advantageof approximateinformation aboutwhere
light is distributed to increaseef�ciency. For example,we could
incorporateinformationfrom a Photonmap(asin [Jensen1995]),
in orderto tracerayswhereweexpectto �nd eitherdirector indirect
light. Also, it would bestraightforwardto usea morecomplex vis-
ibility function that accountsfor transmissionthroughtranslucent
media.
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(a) “Grace” environment,
pixel-basedsubdivision with
w = 200,h = 100.

(b) “Grace” environment,
triangle-based subdivision
with 5000triangles.

(c) “Video store” environ-
ment,pixel-basedsubdivision
with w = 200,h = 100.

(d) “Video store” environ-
ment, triangle-basedsubdivi-
sionwith 5000triangles.

Figure11: Comparisonof pixel-basedsamplingversustriangle-basedsampling.

l

Env MapResolution Sphericalsubdivisions Rendertime L2 Error, “grace” L2 Error, “video store”
100x 50 5,000 177sec 0.96255 1.744533
150x 75 11,250 283sec 0.80915 1.462526
180x 90 16,200 379sec 0.78055 1.290449
200x 100 20,000 449sec 0.62211 1.135643

5000Triangles 5,000 390sec 0.58214 0.367410

Table1: Comparisonof runningtime to imageerrorunderthegraceandvideostoreenvironments,usinga naive pixel-basedscheme.The
bottomrow is thetriangle-basedschemeoutlinedin thepaper. All imageswererenderedat165samplesperpixel.

A Clipping Spherical Triangles

GivenasphericaltriangleABC de�ned by verticesA, B, andC, and
ahemispherecenteredaboutn, Wn, wewanttocomputewhetherthe
triangleoverlapsthe hemisphere,andif so, to describethe region
of overlap.First,we testif thedot productof eachvertex with n is
positive or negative. Let t be thenumberof verticeswith positive
dotproduct.

If t = 0, thetriangleis fully outsidethehemisphere.
If t = 3, thetriangleis fully insidethehemisphere.
If t = 2, thenthe trianglepartially overlapsandthe intersection

of ABC with Wn can be describedas the union of two spherical
triangles. Let A be the vertex that suchthat A � n < 0. Let D be
thepointwherethegreatarcthatboundsWn intersectsthegreatarc
segmentAB, D = ¶Wn \ AB. Thisis computedasD = � n� (A� B),
wherethesignis chosensothatD lies betweenA andB. Similarly
let E = ¶Wn \ AC. Thenthe two resultingtrianglesareBCD and
CED.

If t = 1, thenthetrianglepartially overlapsWn andtheintersec-
tion of ABC with Wn is a singlesphericaltriangle. Let A be the
vertex suchthatA� n > 0. De�ne D andE asabove. Theresulting
triangleis ADE.


